A generalization of the original peridynamic framework for solid mechanics is proposed. This generalization permits the response of a material at a point to depend collectively on the deformation of all bonds connected to the point. This extends the types of material response that can be reproduced by peridynamic theory to include an explicit dependence on such collectively determined quantities as volume change or shear angle. To accomplish this generalization, a mathematical object called a deformation state is defined, a function that maps any bond onto its image under the deformation. A similar object called a force state is defined, which contains the forces within bonds of all lengths and orientation. The relation between the deformation state and force state is the constitutive model for the material. In addition to providing a more general capability for reproducing material response, the new framework provides a means to incorporate a constitutive model from the conventional theory of solid mechanics directly into a peridynamic model. It also allows the condition of plastic incompressibility to be enforced in a peridynamic material model for permanent deformation analogous to conventional plasticity theory.
Introduction
An alternative formulation for continuum mechanics, called the peridynamic model [1] , was proposed several years ago. This model offered the ability to apply its basic equations directly on a surface of discontinuity, such as a crack. This is in contrast to the classical theory, in which the partial differential equations fail to be applicable directly on such a singularity. Because of its nonlocal nature and its similarity to molecular dynamics, the peridynamic model also provides a natural setting in which to model long-range forces, such as van der Waals forces, that are important in nanoscale applications [2] .
The original form of the peridynamic model, which for purposes of this paper will be called the bond-based theory, uses a two-particle force function f to describe the interaction between material particles:
where H x is a neighborhood of x, u is the displacement vector field, b is a prescribed body force density field, ρ is mass density in the reference configuration, and f is a pairwise force function whose value is the force vector (per unit volume squared) that the particle x exerts on the particle x. In the following discussion, the relative position of these two particles in the reference configuration will be denoted by ξ and their relative displacement by η:
Using these definitions, η + ξ represents the current relative position vector between the particles. The vector ξ is called a bond. The physical nature of the interaction between x and x need not be specified. The concept of a bond that extends over a finite distance is a fundamental difference between the peridynamic theory and the classical theory, which is based on the idea of contact forces (interactions between particles that are in direct contact with each other). Certain restrictions on f arise from basic mechanical considerations [1]:
It is convenient to assume that for a given material, there is a positive number δ, called the horizon, such that
For the remainder of this discussion, H x will denote the spherical neighborhood of x with radius δ.
The bond-based peridynamic model is similar to models proposed by Kunin [3] and by Rogula [4] in the investigation of continuum properties of crystals based on interatomic interactions. Recent theoretical work on the peridynamic model includes the study of discontinuities and other mathematical aspects of deformations in one-dimensional constitutively linear bodies [5, 6] . Application of the method to martensitic phase transformations has demonstrated that it determines, without the use of a supplemental kinetic relation, the dependence of phase boundary velocity on the conditions near the phase boundary [7] . Practical applications include damage and failure in reinforced concrete under quasi-static loading [8, 9, 10] , and
